INFLATION AND DEFLATION FOR ALL DIMENSIONS ERNST SNAPPER
We assume that a finite group G acts on the left on finite sets X and Y, and that there is given a function /: X -» Y. We assume that f(σx) = όf(x) for all σ e G and xeX; and that f~ι (y) nas * ne same number h of elements for all yeY. We show that the cohomology groups H r (X; G, A) 
Πlb. (h, m) = 1 where m is the index of (G, Y).
We then study the special case where the permutation representations (G, X) and (G, 7) are transitive and where (G, X) is furthermore free of fixed points. Since the classical inflation and deflation mappings fall under this heading, we have now extended these mappings to all of Z. We describe the six mappings inf r and def r for r = 0, ±1 explicity in terms of trace mappings, augmentation ideals and crossed homomorphisms. (G/H, A H ) for r ^ -2 (see [7] ). In the present paper we extend the inflation and deflation mappings to all r e Z. (Z denotes the ring of the rational integers.) We develop the theory for arbitrary permutation representations (see [6] for the cohomology of permutation representations) which includes the case that H is not normal. The fact that the inflation mapping followed by the deflation mapping consists of multiplying by a power of [H; 1] (see Theorem 5.1) , indicates that these mappings behave particularly nicely if A is uniquely divisible by [H: 1] , or if if is a Hall subgroup of G. These cases are worked out in § 6, 7, 8, 11, 12 and 13 and are needed for the author's forthcoming paper on duality in the cohomology of permutation representations. The study of deflation in dimension 1 brings to the fore natural endomorphisms of the group of crossed homomorphisms from G to A. There is one such endomorphism for each subgroug of G. (see § 15 and 16.) 1* Inflation for chains* X stands for a finite set and (G, X) for a permutation representation (see the introduction of [6] ); i.e., σxe X for all xe X and σe G, and (στ)x -σ(τx) and lx -x for all σ, τ G G; 1 always denotes the unit element of the group under discussion. Let (L, Y) be a second permutation representation of some finite group L acting on some finite set Y, and let
G stands for a finite group. For every normal subgroup H of G and G-module A, the inflation (or lift) mapping H r (G/H, A H ) -> H r (G,
be a morphism of permutation representations (see the introduction of [6] ); i.e., φ:G-*L is a group homomorphism and /: X-> Y is a function where f(σx) -φ(σ)f(x) for all σe G and xe X. The rth chain group C r (X; G) of the standard complex C. (X; G) of (G, X) is the Gmodule Z [X q ] , where X g is the cartesian product of X with itself q times; g = r + lifr^0 and q = -r if r < 0 (see § 1 of [6] ; and § 13 of [6] tells us that d' r a Ί = a r _p r for r ^ 1 and that ε'a 0 = ε. The reason why one shies away from studying a r for r < 0 is that these commutativity relations fail for r < 0. We show however that they fail by so little that these maps a r are still very useful for r < 0.
We assume for the remainder of this paper that f"\y) contains the same number of elements for all y e Y, and denote this number by h. This implies of course that /: X-> Y is an epimorphism and hence that a r , for all r e Z, is an epi. Conversely, if / is an epi and the permutation representation (G, X) is transitive, the number of elements in f~\y) does not depend on y. This follows easily from the fact that for every morphism of permutation representations the partitioning X = \Jf~\y) of X consists of domains of imprimitivity of (G, X) . (See § 146 of [2] for domains of imprimitivity.)
We replace the differentiation operator d' r of C.(Y; L) by hd[ if r < 0, but leave d' r unchanged for r < 0. We also change μ' to hμ f but leave ε' unchanged. We now show that the following diagram displays a chain mapping of complexes. 
is an L-complex implies immediately that the lower row is also an L-complex. The first three commutativity relations have been discussed above and (4) follows from μ'ε' = 9J. For (5) we observe that αuμ(l) = oί^Σ xez x = Σ xex f{x) = hΣ yβY y = hμ '(l) .
For (6) (x, x 19 , 
(Y; L).
It is convenient to think of the mappings a r as the "inflation mappings for chains" because, if r ^ 1, a r gives rise to the customary inflation mapping (see Definition 4.1) . If however r ^ 0, either a r or ha r is used to define the inflation mapping (same definition). 
Observe that the lower rows of diagrams (I) and (II) are not the same but correspond to one another under the functor Hom^(*, Z). It is convenient to think of the mappings β r as the "deflation mappings for chains" because, if r ^ -2, β r gives rise to the deflation mapping defined in [7] . If however r ^ -1, either β r or hβ r is used to define the deflation mapping (see Definition 5.1). 3* Inflation and deflation for cochains* We now have to "horn" diagrams (I) and (II) with modules. Although it is possible to work simultaneously with a G-module and an L-module, we restrict ourselves to the case which is of principal interest for group theory.
We assume for the remainder of this paper that G -L and that φ is the identity mapping of G. Furthermore, A stands for a G-module.
If we apply the functor Hom^*, A) to the chain complex C.(X; G), we obtain the cochain complex C'(X;G, A) (see § 2 of [6] ). We denote the rth cochain group of C'(X; G, A) by C r (X; G, A) and treat the permutation representation (G, Y) in the same way.
Hence, under the functor Hom^*, A), the mappings a r ; C r (X;G)->C r (Y;G) and β r : C r (Y; G) -> C r (X; G) become, respectively, mappings α r :
here, a r = 1J and δ r = 1 A ) where 1 A denotes the identity of A. When we apply the same functor to diagrams (I) and (II) we obtain, respectively, diagrams (III) and (IV); and Propositions 1.1, 2.1 and 2.2 give Proposition 3.1. It is clear from the previous sections that it is convenient to think of the mappings a r and b r as, respectively, the "inflation mapping" and "deflation mapping" for cochains. 4* Inflation for cohomology groups* We denote, as in [6] , the rth cocycle group (coboundary group, cohomology group) of the complex The above definition gives the customary inflation mapping when r ^ 1. We repeat that, when r S 0, it depends on the morphism (G, X) -> (G, Γ) and the module A whether inf r = α? or inf r = (feα r )*. (G, A) . We shall frequently come back to this example. We proceed as in the case of inflation. DEFINITION We now study various special instances of inflation and deflation. Hereto, we need some material on uniquely divisible modules.
-,C-%Y;G,A)^^C-\Y;G,A)-rC <> (Y;G,A)~rC\Y,G,A)<
6. Uniquely divisible modules* In this whole section, ke Z stands for a fixed, nonzero integer. If F is a module (i.e., an abelian group written additively) we denote the identity mapping of F onto itself by 1^. Hence, kl F denotes the endomorphism of F which consists of multiplying its elements by fc. As always, F is called divisible by k if kl F is an epimorphism; and F is called uniquely divisible by k if kl F is an automorphism. 
>D-^E-^->F >0
where the vertical arrows denote, respectively, kl D , kl E and kl F . We conclude from the "5 lemma" (see [3] , page 5) that, if two of the vertical arrows are automorphisms, so is the third. Done. PROPOSITION 6.2. Let v:E-+F be a homomorphism from the module E to the module F. If E and F are both uniquely divisible by k, so are ker(V), coker(f), vccι{v) and coim(^). (Coim stands for coimage.)
Proof. Since E is divisible by k, im( / y) is evidently divisible by k. The fact that, actually, im('y) is uniquely divisible by k then follows from the fact that kl F is a monomorphism. This also takes care of coim(v) ~ im(v). We now apply Proposition 6.1 to the exact sequences 0 -• im('y) -+F-+ cokerO) ->0 and 0 -• ker(v) -+E-+ coim(ΐ ) -> 0 and we are done. REMARKS 6.1. Propositions 6.1 and 6.2 together say that the category of modules which are uniquely divisible by A; is a complete subcategory of the category of abelian groups (see page 138 of [5] ). This subcategory is not "epaisse" (same reference) since the additive group of Z is a subgroup of the additive group of the rational numbers; the latter group is uniquely divisible by k but, if k Φ ±1, the first one is not. PROPOSITION 6.3 . Let E and F be two ^-modules where A is some ring with unit element. If one of the modules is uniquely divisible by k, so is Ή.om Λ 
(E, F).
Proof. Suppose that kl E is an automorphism. Then, 1^): Hom /1 (jE r , F) -* Hom Λ (E, F) is an automorphism, and it consists of course of multiplying the elements of Hom/E, F) by k. We proceed similarly if kl F is an automorphism. Done.
We now return to our permutation representation (G, X). Since (G, X) is entirely arbitrary, Lemma 6.1 is valid for all permutation representations. LEMMA In this connection, it is interesting to recall that Faddeev proved in [4] that, if H is a Hall subgroup of G, and r ^ 1, im(inf r ) consists of all the elements of H r (G, A) which are annihilated by m. We conclude: Let r ^ 1, let A be uniquely divisible by h and let H be a Hall subgroup of G. Then, inf r and def r are both isomorphisms.
In particular, H r (G, A) ~ H r (G: H, A).
(This last isomorphism and the fact that inf is an isomorphism also follow from Faddeev's results on the restriction mapping. All one has to observe is that H r (H, A) = 0, since A is uniquely divisible by h.) The author conjectures that this result remains true for r S 0. 8* The case that A is uniquely divisible by h. We know from Lemma 6.1 that, if A is uniquely divisible by h, Theorem 7.1 may be applied for all r e Z. We now add to this that in this case inf r = α* and def r = b* for all r e Z. In other words, the factor h in Definitions 4.1 and 5.1 can be omitted. For deflation this is even correct if hl A is only a monomorphism. We are now going to study inflation and deflation for dimensions 0, -1, and 1. 
) + S H (ker(S G )) = kev(S G/H ). (a) A is uniquely divisible by h. (b) H is a Hall subgroup of G.
Proof. We see from Proposition 13.1 that im(def_i) -[im(cL 2 ) + S jff (ker(S G ))]/im(d_ 2 ). Hence, def_ x is an epimorphism if and only if im(riL 2 ) + S H (ker(S G )) = ker(S^/^). Proposition 7.1, Example 7.1 and Theorem 7.1 tell us that def.^ is an epimorphism in each of the cases (a) and (b). Done. Proof. Since H \X] G, A) = IA and B-\Y; G, A) = im(ώ_ 2 ), Lemma 13.1 is equivalent to saying that 6_ 1 (β-1 (X; G, A))dB~\Y; G, A). This last inclusion was observed in §5. Done.
14* Inflation in dimension l
We denote by M the additive group of the crossed homomorphisms from G to A; and by M H the subgroup of M whose elements are zero on H. We know from §6 of [6] that there exists an isomorphism v: Z\Y; G, A) -> M H which is defined by (vc) (σ) = c(H, σH) for c e Z\Y; G, A) and σ e G. Similarly, the isomorphism w: Z ι (X; G, A)->M is defined by (we) (σ) = c(l, σ) where c e Z\X; G, A), σ eG and 1 is the unit element of G. We denote the inclusion mapping M,, -> M by u and recall from § 4 that
